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Abstract. We study the Cauchy problem for the semi-linear structural damped wave equation with 
source term 

tiff — An + fi(— A) a ut = f(u), u(0,x) = uo(x), ut (0, x) = ui(x), 

with a 6 (0, 1] in space dimension n > 2 and with a positive constant fi. We are interested in the 
influence of a on the critical exponent p cr it in l/( u )l ~ \ u \ p '• This critical exponent is the threshold 
between global existence in time of small data solutions and blow-up behavior for some suitable range 
of p. Our results are optimal for parabolic-like models u 6 (0,1/2], 



1. Introduction 
In this paper, wc consider the Cauchy problem 

'u tt - Au + vi-A^ut = /(«), t > 0, x G R", 

u(0,x) = u {x), (1) 
u t (0 7 x) = 

in space dimension n > 1 with a G (0, 1], where fi > is a constant and the nonlinear term satisfies 

/(0) = 0, \f(u)-f(v)\<\u-v\(\u\ + \v\r-\ (2) 

for a given p > 1. The case cr = 1 corresponds to the wave equation with visco- elastic damping [S], 
whereas for a £ (0,1) we are dealing with a structural damping. Our aim is to prove global existence 
result of small data solution for p > p(cr, n) in low space dimension. In order to do this we derive suitable 
estimates for the corresponding linear problem and we prove that the solution to the semilincar one 
satisfies the same estimates. Moreover, we also prove that our exponent p(a, n) is critical for a G 
(0,1/2]. 

1.1. Main results. The following definition would fix the energy space for the data in our statements. 
Definition 1. Wc define 

Vf n := (L 1 n H k n x (L 1 n L m ), \\(v , := ||«o|| £ i + \\v Q \\ H ^ + |M| Ll + |h|k"> (3) 

for 77i £ (1, 2] and k > 0. 

For the sake of clarity, wc will denote by L 1 n L m the space I?, ,, = (L 1 n L m ) x (L 1 n L m ). Wc 
remark that T>2 = (L 1 n iJ 1 ) x (i 1 n L rn ) corresponds to the classical energy space H 1 x L 2 with 
additional L 1 regularity 

Distinguishing four models we can now present our main results. 

Theorem 1. Let a = 1/2 in (JTJ) . Let n = 2, 3, 4 and let m G (1, 2] . Let p G [to, n/(n — m)] 6e smc/i 

p>l + ^-. (4) 
n—1 
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Then there exists e > such that for any (uq,Ui) £ P„ with \\ (uq, ui)||x>i < e, there exists a unique 
solution u £ C([0,oo),i/ 1 ' m ) (1 C\[0, oo), L m ) to ©. 

Moreover, the solution and its energy based on the L m norm satisfy the estimates 

||«(*,-)IU™<C(l+*) 1 - B(1 -™ ) ll(«o,«i)lbi l> (5) 

||(v«(t,.),«t(t,0)IU»<c(i + t)- n < 1 -^||K«i)||2>i, 1 (6) 

where C > does noi depend on the data. 

The exponent which is given by (j3J) is critical (see later, Theorem [S]). 

Remark 1 . We want to underline that the results from Theorem [1] base on the mixing of different 
regularity for the data, where the data do not necessarily belong to the classical energy space H 1 x L 2 . 

Theorem 2. Let a = 1 in (TTJ. Let n > 2 and let p £ [2,n/(n — 4)] be such that 

Then there exists e > such that for any (uq,Ui) £ T>\ with ||(wo, ui)||x>| < e, there exists a unique 
solution u £ C([0,oo),# 2 ) n C^QO, oo), L 2 ) to JTJ. 

Moreover, the solution, its first derivative in time, and its derivatives in space up to the second order, 
satisfy the decay estimates 

ii /. n,| ^ JC( 1 + ty^ \\{uo,ui)hinL 2 ifn>3, 
\\u(t,-)\\ L 2 < < (8) 
[6 log(e + t) \\[u Q ,ui)\\ L i nL 2 ifn = 2, 

||ut(*,-)lli»<C(l+t)-*||(uo,ui)|| L i nLa , (9) 

||V«(t,-)||i» < C(l + t)-*||(« ,ui)|| 1D x J (10) 

\\v 2 u{t,-)\\ L , <c(i + t)-^\\(u , Ul )\\ vi , (ii) 

where C > does noi depend on the data. 

Remark 2. We want to underline, that the results from Theorem [2] base on the one hand on the use 
of higher order of regularity, namely, second order in space, and on the other hand on the mixing of 
different regularity for the data, where the data belong to the classical energy space, too. 

Theorem 3. Let a £ (0, 1/2) in (JT]). Let n = 2,3,4 and let p £ [2,n/(n— 2)] be such that 

p>i+— V- ( 12 ) 

n — la 

Then there exists e > such that for any (uo,Ui) £ T)\ with ||(uo, ui)||x>i < e, there exists a unique 
solutionu £C([0,oo),H 1 )f]C 1 {[0,oo),L 2 ) to (JTJ) . 

Moreover, the solution, and its first derivatives in time and space satisfy the decay estimates 

ll«(V)IU a £ (l+*r^ _<r)li? ||(«o,ui)|| L inL>, (13) 

K(«,-)iii»^(i+*r 1 iiK«i)iiDj. ( l4 ) 

||Vu(t,-)|| i2 < (i + tJ-^-^Tb ||(«o,uO|| c i, (15) 

where C > does noi depend on the data. 

The exponent which is given by (1121) is critical (see later, Theorem [2]). 

Remark 3. We want to underline, that the results from Theorem [3] base on the mixing of the regularity 
for the data between (iJ 1 ,^ 2 ) and L 1 . The data belong to the classical energy space, too. 
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Theorem 4. Let a £ (1/2, 1) in (HJ. Let n > 2 and let p £ [2, nj (n — 4a)] be such that 

P>1+ 1 -^- (16) 
n — 1 

Then there exists e > such that for any (uq,ui) £ T> 2a with ||(uo, ui)||x>2<7 < e, there exists a unique 
solution u £ C([0,oo),H 2a )nC 1 {[0,oo),L 2 ) to ©. 

Moreover, the solution, its first derivatives in time and space, and its derivative in space of fractional 
order 2a, satisfy the decay estimates 

IK*,0IU»^(i + *)" 2£? II(«o,«i)IIlw j (17) 
lk(V)IU= <c(i + t)-^ \\(u Q , Ul )\\ v ^ } , (18) 

||Vu(t,-)IU> <C(l + i)-*||(«o,«i)||3>i, (19) 

IKV)l|jj*r ^ca + tj-^-^Kuo.ui)!!^, (20) 

where C > does no< depend on the data. 

Remark 4. We want to underline, that the results from Theorem 0] base on the one hand on the use of 
higher order of regularity, namely, fractional order 2a in space, and on the other hand on the mixing 
of different regularity for the data, where the data belong to the classical energy space, too. 

1.2. A comparison with the classical damped wave equation. Let us compare the results from 
Section 11.11 with some known results for the classical damped wave equation. Some new effects appear 
for semi- linear structural damped waves which we will explain in Section ll.3l If we set a = in (JTJ) , 
then we get 

u t t - Au + pLU t = f(u), t>0, x £ 

u(0,x) = u (x), (21) 
u t (0,x) = ui(x), 

for which many results are known concerning global existence of small data solutions and sharp decay 
estimates. 

In particular, let n < 4 and let 

{(1 + 2/ti,oo) if n =1,2, 
[2,3] if 7i = 3, 

{2} if n = 4. 

Then there exists e > such that for any initial data (uq,ui) £ (L 1 n H 1 ) x (L 1 n L?) which sat- 
isfy IliiolUinff 1 + ||ui||iini 2 < e, there exists a unique solution u £ C([0, 00), H 1 ) n C 1 ([0, 00), L 2 ) 
to (|2ip (see [IOj ) . Moreover, such a solution and its first derivatives with respect to t and x satisfy 
the same decay estimates of the linear problem [M] (i.e. (f2"Tj) with / = 0), that is, 

\\u(t,-)\\ L 2 < (l + t)~* ||(«o,«i)||L»ni>. (22) 
\\ut(t,-)\\ L - < {l + ty^- 1 {\\u \\ L i nH i+\\ Ul \\ L i nL 2), (23) 
||Vu(t, 0IU= < (1 + t)~^ {\\u \\ L i nm + KH^ruO- (24) 

Moreover, the exponent 1 + 2/n is critical. In particular, if one set f(u) = \u\ p in (|21[) and if the data 
are in and satisfy J Rn Uj(x)dx > 0, for j = 0,1, then there exists no global solution to (|2ip for 
any p < 1 + 2/n and for any n > 1. 

1.3. Overview of the four models. We notice that the properties of solutions to our model (JlJ 
changes completely from a £ (0,1/2] to a £ [1/2,1]. Therefore we propose to distinguish between 
parabolic type (a £ (0,1/2)) and hyperbolic type (a £ (1/2,1]) models, having in mind that the 
classical damped wave equation is a parabolic model, whereas the visco-elastic damped wave equation 
is a hyperbolic model. We consider the case a = 1/2 as a critical case. 
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• The structure of the case a — 1/2 is very special and easy to manage. This simplicity allows 
us easily to state a result which also includes an energy based on L m norm, with m £ (1,2]. 
We remark that the first derivatives of the solution with respect to time and to space have the 
same decay rate. This is a new effect with respect to the case a = 0, for which the decay rate 
in (|2"3"|) is better than the one in (f2"4")l . 

• Dealing with the case a = 1, completely new effects arise with respect to the cases a = 
or a = 1/2. In particular, we see that the first derivatives of the solution with respect to time 
and space have the same decay rate, as in the case a — 1/2. On the other hand, the estimate 
for the first derivative in time (J9j> requires less regularity for the data comparing with respect 
to the estimate for the first derivative in space (|10[) . This property is new in comparison with 
respect to both cases a = 0, 1/2. Moreover, we can also obtain a decay estimate for the space 
derivatives up to the second order if we assume H 2 regularity for uq with no need of additional 
regularity for u\. This property is very useful to deal with semilinear problems (see Remark^. 

• The case a £ (0,1/2) interpolates the cases a = and a = 1/2. In particular, the critical 
exponent 1 + 2/(n — 2a) and the decay rates for the solution and its first derivatives are 
continuous with respect to a for a £ [0, 1/2]. We remark that the decay rate in (fT4"|) is better 
than the one in (TT5")) , but the regularity of the data is the same. 

• The case a £ (1/2, 1) interpolates the cases a = 1/2 and a = 1. In particular, the exponent 
1 + (1 + 2er)/(n — 1), the decay rates for the energy of the solution, and the regularity required 
on the data are continuous with respect to a for a £ [1/2, 1]. We remark that in this case an 
estimate on the fractional derivative of order 2a of the solution appears. 

Remark 5. We have different ranges for m and p for which we can apply Theorem [TJ 

• Let n = 2. Then we can apply Theorem [1] for any m £ (4/3, 2] and p £ (3, 2/(2 — m)]. 

• Let n = 3. Then we can apply Theorem [1] for any m £ (3/2, 2] and p £ (2, 3/(3 — m)]. 

• Let n — 4. Then we can apply Theorem [T] for any m £ (5/3, 2] and p £ [m, 4/(4 — m)], or for 
any m £ (8/5, 5/3] and p £ (5/3, 4/(4 - m)]. 

• We can not apply Theorem [1] if n = 5. The set of admissible p is empty 

In Theorem [5] we have the following ranges for p: 



'(4,oo) 
(5/2, oo) 



if n 



if n 



2- 
3. 
4- 
5- 
G. 
7, 
8. 



p £ < 



(2,oo) 
[2,5] 
[2,3] 
[2,7/3] 
l{2} 



if n 



if n 



if n 



if n 



if n 



The set is empty for n > 9. In Theorem [3] we have the following ranges for p: 



f(l + l/(l-a),oo) ifn = 2, 
p £ I [2, 3] if n = 3, 

[{2} if n = 4. 
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The set is empty for n > 5. In Theorem 0] we have the following ranges for p: 



p e < 



'(2 + 2a,oo) 


if n 


= 2, 


((3 + 2<t)/2,oo) 


if n 


= 3 and a G [3/4, 1), 


((3 + 2ct)/2,3/(3-4ct)] 


if n 


= 3 and a e (1/2,3/4) 


[2, 1/(1 -a)] 


if n 


= 4, 


[2, 5/(5 -4a)] 


if n 


= 5 and a e (5/8,1), 


[2, 3/(3 -2a)} 


if n 


= 6 and a e (3/4,1), 


J2, 7/(7 -4a)] 


if n 


= 7 and a G (7/8,1). 



The set is empty for n > 



2. Linear decay estimates 



In this section our aim is to derive decay estimates for the solution and some of its derivatives to the 
linear Cauchy problem 

' ' v u - Av + fx(-Ayv t = 0, t > 0, x G R'\ 

v(0,x) = v (x), (25) 
v t (0,x) = vx(x), 
which corresponds to ((TJ) when / = 0. 

2.1. The case a = 1/2. In this case we have the following statement. 

Theorem 5. Let a = 1/2 m (|25|) . Let n > 1 and let m E (1,2]. Let («o,wi) € 2?^. ITien t/ie solution 
to (|25p and its energy based on the L rn norm satisfy the (L 1 n L m ) — L" 1 estimates 

< (1 + IK^o^OIU^ni" 

<(i + t)- n(1 -» } !!(««), Mil 



II«(V)I|l" 

||(V«(t, •),*(*, -))I|l" 
and t/ie L" 1 — L m estimates 



\T>1 



(26) 
(27) 



II«(*,0IIl« 
(v«(t, •),«*(*, ■)) 1k- 



<(l+t)||(wo,«i)||i. 

< 11(^0, Wl)||i?l.«*Xi'» 



(28) 
(29) 



Remark 6. In the special case m = 2 one can directly prove Theorem[5]by using the approach presented 
in Sections 12 .2112 .3ffQl On the other hand, if m G (1, 2) then we need different tools. 

Proof. Since Vq,v\ G L 1 we can perform Fourier transform of (|25[) for a = 1/2 obtaining the following 
Cauchy problem for w(t, £) = v(t, £): 

'w t t+ti\Z\w t + \Z\ 2 w = 0, 

w(0,0=v (®, (30) 
{w t (0,O=v 1 (O- 

First let fi = 2. In such a case the characteristic root of the symbol of the operator from (f3T)]) is |£| 
with multiplicity 2. This gives the representation 

w(t,£)= (C 1 (0 + C 2 (0t) e-*l*l. 
From the initial data we immediately get Ci = «o (£) and since 

we get C 2 = vb(0\€\ + *>i(f)> that is » 



-till 



(31) 
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m(t,o = (-m 2 Mo + a-m)vi(o)e- m . (32) 

To derive L m — L m and L 1 — L m estimates we use tools from the paper |NRj . Due to the relation 

and by virtue of Young's inequality we conclude 

\W,-)\\ Lm <\\v»\\ Lm +t\\v x \\ Lm 

<(l + t)\\(v Q , Vl )\\ Lm , (33) 

H*,-)lk-.<*- n(1 - 1/m) (INIUi + %ilUO 

<(i + t)t- n(1 - 1/m) ||(t*>,«i)|| £ i, (34) 

for the solution t> to ([23)1 and 

||(V«(i,0,«t(t,0)IU'»^ll(V»o,«i)IU-», (35) 

||(V«(t, •),*(*, -))IU«» <*- n(1 - 1/m) ll(«b,«i)IUi, (36) 
for its gradient and its time derivative. By using (]3"31 (rcsp. (|35|)) for t < 1 and (JM]) (resp. (|36p) 
for i > 1 we derive ® (resp. ([27])). On the other hand, (23) and fl3S) directly give JSgJ) and ((29)) . 
If 7^ 2, then we have two different characteristic roots: 



^ ( (— /i ± \J ^ 2 — A) |£|/2 if /i > 2, real-valued roots, 

1 (— /i ± iy/A — /i 2 ) |£|/2 if /i < 2, complex- valued roots. 



Nevertheless, following jNRj one can prove again the estimates (|33|) - ([3^ - (|35l) - ([36|) and conclude (1261) - 

(123-©-©. □ 

2.2. The case a = 1. This case was studied in detail in [Sj. Here and in Sections 12.31 and 12 .41 we deal 
with L 1 n L 2 estimates, whereas in Theorem [5] we stated L 1 n L m estimates for any m € (1,2]. In 
facts, the choice m = 2 allows us to use Parseval's formula in the proofs of Theorems IHKHB1 

Theorem 6. Let a = 1 in (|2"S"]) . Let n > 2 and ?e£ («o,i>i) € Of- ^/ten i/ie solution to (j2"5|) . its 

/trst derivative in time, and its derivatives in space up to the second order, satisfy the (L 1 n L 2 ) — L 2 
estimates 

n /. mi < J(l + 0"^ ll(wo,wi)|| L i n L2 ifn>3, 

KM <<, , ...... ... .. _ (37) 

|log(e + i) ||(uo,wi)||Li n L2 «/n = 2, 

IMMIU' £ (1 + M f ||(«b,«i)IUin^, (38) 

l|V«(t,-)IU» < (l + *)-*||(«d,« 1 )|| 1 ,i, (39) 

||V 2 «(i,-)|U 2 <(l + t)-^||(u ,«i)|| Bi , (40) 
and £/ie L 2 — L 2 estimates 

IMMIU' % ||(«b,«i)IU»> (41) 

l|V«(t,-)IU» < ||(«b,«i)||Hix£'. (42) 

||V 2 «(MIU' < (l + t)"*||(«o,«i)||fl»xL». (43) 
Remark 7. One might expect the L 2 — L 2 estimate 

||«(* S -)IU« £ (l + *)'ll(wo.«i)IU» ( 44 ) 
for the solution w to ([23]) . But, unfortunately, we are not able to prove (|4"4"]) for n > 2. We refer to 



Proposition 11 in jNRj . which one can use to prove that 

IK*, OIU' < (1 + tt' 2 ^ 1 -^) (\\voh* + t |M| i2 ) (45) 
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for any a <G [1/2, 1]. 

Proof. We denote by Eo(t,x)(v) and Eooit, x)(v) the solution to ([23)) localized to low and high fre- 
quencies, that is, 

E (t, x)(v) = T- 1 (x(0«(*. 0) , £<*>(*, x)(v) = J"" 1 ((1 - x(0)v(t, 0) , (46) 

where x is a smooth function such that < x(0 < 1 ancl x(0 = 1 f° r l£l < 1; = for |£| > 3/2. 
Then the following estimates can be concluded from [S|: 

\\did2E (t,-)(v)\\ Lm < C p , m ^ a \\(v , Vl )\\ LP (47) 
for any t < 2 and 1 < p < m < oo (Theorem 2.1 (1) from [S]), and 

W^dSE^-Xv)]]^ < C m ^ a>N e- ct (t- N / 2 \\(v ,v 1 )\\ H[2j+M ^ N]+ , m + \\v \\ ff |«|,m + |M| ff [| Q |-2]+, m ) 

(48) 

for any t > 0, for any N € N (also TV = is allowed) and for 1 < m < oo (Theorem 2.2 (1) from [S]). 
Moreover, if we fix the regularity L 1 n L 2 for the data, then one can prove that 



\\dld^E,{t,-)(v)\\ L , < 



'c ,o((l + t)-i\\v \\ L r + log(2 + t) H^IUi) if n = 2, j = \a\ = 0, 

^(l + ^-^-^^i + t)-*!!^!! Li+lkilU 1 ) otherwise, 

(49) 

for any t > 2 (Theorem 2.1 (3) from [S]). 

For the sake of simplicity, let n > 3 or j = \a\ = in what follows, being this special case completely 
analogous. Combining (|47|) for m = 2 and p = 1 with ([49)) we get 

||^9^o(t,-)(«)IU= < G^a + t)- 2 ^-^ ((l+t)-*||«d|Ui + • (50) 

Now let TV = and let either (j, \a\) = (1, 0) or j = and \a\ = 0, 1, 2, in l[4"8")l. In such a case, the 
term t~ N / 2 \\ (yo, vi)\\ H[2j+]al _ 2 _ N] + :m is controlled by the other two in parentheses, that is, 

lia^lWt, OMIU™ < C mj - a , e- c * (||«o|| H ,a,,™ + IMUm-^.™) • (51) 
Therefore, from ([5U)l and (|5Tj) with m = 2 we obtain 

II#3MV)IIl' < (1 + t)-^-^ ((l + t)-*||«o|| L i nff M + (52) 
for any f > if either (j, |a|) = (1,0) or j = and \a\ = 0, 1, 2. This concludes the proof of ([37 )) -([55 )) - 

To prove ([4Tj) - ([4*2"j) - (|4*3"[) it is sufficient to combine the L 2 — L 2 estimates for dfd"Eo(t,x)(v) as they 
appear in Theorem 2.1, estimate (5) of [S] with ([5Tj) . □ 

2.3. The case a € (0, 1/2). In this case we want to prove the following statement. 

Theorem 7. Let a <G (0, 1/2) in ([2"5|) . Let n>2 and let (vo,vi) £ T>\. Then the solution to ([2"5]) and 

its first derivatives with respect to time and space satisfy the (L 1 n L 2 ) — L 2 estimates 

ll«(t,-)IU><(l + t)~(*" ,T ) T ^||(wo ) wi)||£ini», (53) 

IM*. OIU' $ (1 + *)~ (f " CT) t ^" 1 ll(«d.«i)lk. (54) 

||Vv(t, -)|U= < (1 + t)-(^-°) 11(^,^)11^, (55) 

and the L 2 — L 2 estimates 

\Ht,-)\\ L , < (l + tMv^v^WL*, (56) 

IMV)IU' £ II(«o,wi)||hi xL 2, (57) 

l|Vv(V)IU' ^ (H-t)" 4 ^ll(«d,«i)ll^x£"- (58) 
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Proof. We claim that 

\\did%u(t, OH^ < (1 + tyi^) ^- j \\u \\ LlnHla] + (1 + ^^Iluilliin^ (59) 

for any f > and j + \a\ = 0, 1, and even for any a £ [0, 1/2). Once we have proved (|5T)f our estimates 
(|53)) - ((54)) - (|55|) follow immediately. We can write the solution to ([25l) as 

v(t,x) = K (t,x) *( x ) v {x) + Ki(t,x) *( x ) Vi(x), (60) 

where 

"A+-A- ' A+-A_ 
The characteristic roots X± (£) have non-positive real parts and they are given by 



K (U) = ^- Jfi(t,0 = ^ ^— • (61) 



| (-/i± ^2 _ 4 |^|2(i-2<t)) |£|2 CT / 2 if |^|i-2a < M /2, the roots are real- valued, 
14 ~~ I (- M ± i yj^\^- 2a ) - n 2 ) |C| 2ff /2 if |£| 1 ~ 2ct > M/2, the roots arc complex-valued. 

As in the proof of Theorem |S] we denote by Eo(t,x)(v) and Eoo(t,x)(v) the solution to (|25D localized 
to low and high frequencies. We notice that 

A+ « A« := -l^ 1 ^), A_«A«:=-|^, A+ - A_ « := |£| 2ct , (63) 

for low frequencies |£| < e, whereas 

A±»A£ h) :=-|f| to ±i|$|, A+-A_«*W :=i|£|, (64) 

for high frequencies |£| > 7, where e is sufficiently small. 

We shall estimate the L 2 norm of Eo(t, x)(v), dtEo(t, x)(v) and VEo(t, x)(v) by the L 1 norm of (^o, v-y). 
Due to Young's inequality we have to estimate \\x{D)d{d%K (t, -)\\ L 2, \\x(D)d{d^K 1 (t, -)\\ L 2 (see (5QJ) 
for j + |a| = 0, 1. Here x = i s a smooth decreasing function with x(£) = 1 for |£| < e/2 and 
x(0 = for |£| > e. Due to Parseval's formula we have to estimate 

I 2 o(j, H) := ' , A+ _ A j 2 jl lei 21 " 1 x(£) 2 ^, (65) 

m i«i) : = y Rn 1 | A+ _ A ' [2 j| i^i 2H xitm m 

We only estimate \a\). These integrals imply the decay in the estimates (j53)) - ([5T)) - ([55|) . In same 
way we estimate Io(j, \ a\). We get for j = 

I A+t_ A_t|2 | e A^*_ e A«t|2 2|«| a P-')t 



ia + -a_|2 ^ - icr ' 

and for j = 1 

|A+-A_|2 X(C) " jw 2 ~ \^ 

1 

By the change of variables rj = ^t 2 ^ 1 -^ we get 

A 2 (0, |«|) < / |^|-4-+2|a|+n-l e -2|C| 2 < 1 -' t d |^| < t % { "::y f°° ^-ia+2\ a \+n-l e -2 M ^ 
J\€\<e JO 

4g-n-2|qj 

< i 2 d--) for large t. 
We remark that —4a + 2\a\ + n > for any n > 2. The same reasoning gives 

If(l, \a\)< j |£|"- 1+2 H ^-^ e -m^-h + e -2|e|-t) d |fl 

•/|f|<£ 

Jo Jo 
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-4(l-2<r)-n-2|tt| 

< t 2 < 1 -") for large t. 
In the last step we used for n > 2 the inequality 



4(1 - 2a) + 2\a\ +n n + 2\a\ 



2(1-0-) ~ 2a ' 

Now we have to estimate the L 2 norm of d{ 9"i? 00 (t, x)(v) for j + \a\ = 0, 1, which is equivalent to 
the L? norm of \(\ a & > t F x ^ t ( s {E 00 {t : x){v')) . It is sufficient to estimate for large frequencies |£| > | 

\K*{tX)\<e-^ 2 °\ 

(0\Ki(t,0\<e-^\ 

($- 1 \a t Ko(t,t)\<(Z)- 1 ({&e-M'~ t ), 

\d t Ki(t,0\ <e-W*. 

All terms are controlled by e~ c 1 for |£| > | (uniformly with respect to t > 0). Indeed, due to 
Parseval's formula the L 2 norm of v~o, v{, \£\vo are equivalent to the L 2 norm of Vq, vi, V^o- 
We remark that the exponential decay e~ c 1 for the high frequencies is better than the potential 
decay for the low frequencies. The middle zone {|£| G [e, i]} brings an exponential decay e~ c t , too, 
if we recall that the real part of the characteristic roots A± is negative there. This concludes the proof 

of (52). 

To prove ([55 ]) -([57 )) -(|5g] ) it is sufficient to estimate the L 2 norm of \^\ a d 3 t F x ^(E (t, x)(v)) for small 
frequencies and for j + \a\ = 0, 1. By using the presented approach one can directly derive ([55]). To 
prove (|55)) and ([57)1 we have to estimate the L°° norm of dlKi(t,£) for i,j = 0, 1. Here the estimates 
for d(Ki(t,^) are of interest. Using 

K 1 (t,0 = te x + t e -"W-m*M 
Jo 

we obtain 

ii«i(t,-)iu-(R?) iiat«i(t,oiu«>(H ? ) s i- 

This completes the proof. □ 

2.4. The case a G (1/2, 1). In this case we want to prove the following statement. 

Theorem 8. Let a G (1/2,1) in ([2"5]). Let n > 2 and let (v ,v{) G £>2- 71/1671 ^ e solution to (|2"5j) . 
its /jrst derivatives in time and space, and its derivative in space of fractional order 2a satisfy the 
(L 1 n i 2 ) — L 2 estimates 

ii^v)!!,^!? 1 ;^ 11 ^ '^ 11 ^ 2 ' if ; -t> (67) 

^log(e + i)||(v ,vi)|iLinL 2 , */ n = 2, 
\\v t (t,-)\\ L 2 < (l + t)~* IIK^i)!!^!-.), (68) 

||Vw(V)IU' < (l+t)"*||(«o,«i)||ci, (69) 

IKV)IIj^ ^(i + t)"^ -1 !!^."!)!!^. (70) 

and t/ie L 2 — L 2 estimate 

KV)IU»< (l + f)||(«o,t;i)|U», (71) 

ll^t(* 5 OIU 2 ^ II(«o,wi)||h2(i-„ )xL 2, (72) 

||Vu(t,-)IU= < !|(«o,«i)||^xl 2 , (73) 

IKV)II^ < IIK«l)||ff-xL- (74) 
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Proof. We claim that 

\\d}v(t,-)\\H K < Cj^l + t)-^-^ ((l+t)-^||«b|| £ i nflai (i-<,) + » + ||t; 1 ||£i n £ a ) (75) 

for either (j,K) = (1,0), or j = and k = 0,1, 2a, an exception is given for the case n = 2 and 
j = k = 0. In the following we put H° = H° = L 2 . Analogously to the proof of Theorem [7] the 
characteristic roots A±(£) are given by (p2"]l . but now we have for low frequencies |£| < e and 
for high frequencies |£| > - (since now 1 - 2a < in (JB3J|). That is, formulas for \<£,5® and \ { ±\5^ 
are exchanged. The middle frequencies {|£| € [e, 1]} are considered as in Theorem [7] 
Again we denote by Eo(t,x)(v) and Eooit, x)(v) the solution to (j2"5j) localized to low and high frequen- 
cies. First we estimate the L 2 norms of \£\ K dtKi for i = 0, 1. Again we introduce Io(j, k) and ii(j, k) 
as in (|65l)- ([66l) and the essential estimates appear from k). By the change of variables 77 = £t~ 
we get for small frequencies 

I 2 iU,k)< / \^ K+j - 1) e- 2 ^ 2 ' t d^<t all ~^ i) ~" / iTyl 2 ^" 1 )^!™-^" 2 !"^!^! 

./|£|<e JO 

2(l-„-j)-^ 
< £ 25 . 

We remark that 2(k + j — 1) > — n for any n > 3 and for n = 2 if k + j > 0. If n — 2 and «; = j = 0, 
then we use for small frequencies the relation 

Ki(t,£) = e -m 2 °H S -^± with a = lie^m 2 ^-^- (76) 
For any t > let the function p = p(t) be defined by 

\ P 2 Wd- 2 -) - = f 

Since sin(crf) < at for any a < 1/4, and n = 2, it follows that 

/ 2 (0, 0) < f e"" ^ l t 2 dS, + [ |f rV l5|2CT * ^ < (tp(t)) 2 + log(e + p(t)" 1 ) « log(e + t). 

Indeed, p(t) w 1/t. Analogously, we proceed for Then we estimate for large frequencies 

\Ko(t,0\<e-^ } \ 

\dtKi(t,t)\ < e 



_|£|2(l-<0 t 



which are all controlled by e ^ ( * for |£| > | (uniformly with respect to t > 0). Analogously to 
the proof of Theorem [7] this concludes the proof of (|75|) . For the proof of (|7T|) we use relation (|T6"|) for 
small frequencies. The proof of (|72[) - (|T3"|) - ([T1|) immediately follows since \£\ K Ki(t,t;) with n > 1 and 
dtKi(t,£) are bounded for small frequencies and i = 0, 1. Indeed, 

ier (iFoCt.oi + + + ^f^oi < |g|e 7f' < 1. 

This completes the proof. □ 

Remark 8. The goal of this section was to prove linear estimates for the solution or some derivatives. 
We have chosen as an upper bound C(t)|| (vq, Vi)\\ with suitable norms. It is clear that we can get 
better estimates by using Co(i)||vo|| + Ci(t)||i;i||. The above estimates are sufficient to reach the goals 
of this paper. 
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3. Treatment of corresponding semi-linear models 

In this section we will use the decay estimates for ([25)1 which are obtained in Theorems t° 
prove the corresponding Theorems [T][2][3]|U 

Our main tools are Duhamel's principle and Gagliardo-Nirenberg inequality. Since we are dealing with 
semi-linear structural damped waves with constant coefficients in the linear part the application of 
Duhamel's principle leads to the following: 

If we write the solution to (|25p with the fundamental solutions Gq and G\ in the form 

v(t,x) = G a (t,x) v Q (x) + Gi(t,x) vx{x), 
then the solution to ([!} becomes 

u(t,x) = G (t,x) * (x ) u Q (x) +Gi(t,x) * (x ) m(x) + / Gi(t- s,x) *( x ) f(u(s,x))ds. 

Jo 

Let m G (1,2] and let A be a space with norm || ■ \\a- Let us assume that the solution to (|25|) satisfies 
some decay estimates in the form 

IIW* > -)l|L-.</|a|(t)ll(uo,ui)|U, \a\<k; ||ftu(t,.)||i»<ff(t)||(uo,ui)||A. (77) 
Here the decay functions f\ a \(t) and g(t) depend, in general, on n. Let us consider the space 

X(t) := C([0, t], H k > m ) n C\[0, t], L m ) 

with the norm 

\\w\\ x{t) := sup (V /| Q |(r)- 1 ||9>(r,.)|U™+<7(r)- 1 ||a t i«(T,.)||L m )- 

For the sake of brevity, we also define 

HU oW := sup (/o(r)- 1 |mr,.)|U™+/, c (T)- 1 £ ||5>(r, .)|U~) , 

a norm on the space X (t) := C([0, i], H k ' m ). We remark that if w G -X"(t), then ||w||x(s) < IMIx(t) 
for any s < t, and |MU (t) < IMU(t)- 

We will prove that for any data (uq, Ui) G A the operator TV which is defined for any u G X(t) by 

Nu(t,x) = G (t,x) u (x) + Gi(t,x) ui{x) + / Gi(t - s, x) * (x ) f(u(s, x)) ds (78) 

Jo 

satisfies the estimates 

WNuWx^KCUuo^^lU + CWuW^, (79) 

\\Nu Nv\\ x{t} <C\\u- v\\ Xa[t) {\\uf XQ \ t) + |M|^ t) ), (80) 

uniformly with respect to t G [0, oo). To prove these estimates one should use ((77)) . 
By standard arguments (sec, for instance, [DALR) ) from (|?9")) it follows that TV maps X{t) into itself 
for small data. Then estimates (|79 p -(|80 p lead to the existence of a unique solution to u = TV it. In fact, 
taking the recurrence sequence u_i = 0, uj = N(uj-i) for j = 0, 1, 2, • • ■ , we apply (f79")) with small 
||(«0, u i)IU = e an d we see inductively that 

KIU(t) < Cie, (81) 
where Ci = 2C for any e G [0, eo] with eo = eo(Ci) sufficiently small. 
Once the uniform estimate (|8ip is checked we use (|5D|) once more and find 

K+i - U ill-Y(t) < CeP" 1 , -Uj-i\\ X (t) < 2 _1 ||iij -Uj_i||x(t) (82) 

for e < eo sufficiently small. From (fg2")) we get inductively ||uj — < C2 - -? so that {u,-} is a 

Cauchy sequence in the Banach space X(t) converging to the unique solution of TVu = u. We denote 
such a solution by u. Since all of the constants are independent of t we can take t — > oo and we gain 
a local and a global existence result simultaneously. Finally, we see that the definition of ||u||x(t) ls 
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chosen in an appropriate way to obtain the decay estimates (|77[) for the solution to the semi-linear 
problem, too. 

Therefore, to prove our results we need only to establish ((79)) and (l80l) . 

During the proof a special role will play different applications of Gagliardo-Nirenberg inequality to 
control L m norms of the non-linear term f(u) for m G [1, 2] using @ to estimate ||/(w)||L m ^ II m IIl>"p- 
In particular, in what follows, we will use the estimates 

ll^r)IIL<ll^r)ll^ (9)) ||VM S ,-)ll^ (9) , (83) 

where k = 1, 2 and 

. , . n ( 1 l\ nm 

W-T ' rn<q< — . 

k \m q J n — km 

In particular, these last inequalities give an interval for admissible p G [m,n/(n — km)] for the expo- 
nent p. 

Remark 9. Since we have in mind to use Gagliardo-Nirenberg inequality, as stated in (|83[) . it is clear 
that we can use linear estimates for (|25p only if we make no assumption on the derivatives of v\ . Such 
a problem does not appear for vq which is not involved in the application of Duhamel's principle. 
It is important to notice that in Theorem [5] we obtained a decay estimate for the second derivatives of 
the solution v with respect to the spatial variables by assuming additional regularity on vq, namely vq G 
L 1 n H 2 with no need of additional regularity for v\. Such an effect does not appear in the case a G 
[0, 1/2], that is, the assumption vq G L 1 n H k for k > 1 brings no benefit with respect to vq ei'fl H l , 
unless we also assume additional regularity for v\ . 

We are now ready to prove our statements from Section [T] 

Proof of Theorem^ Here the space of the data is A = 2?^, whereas 

X(t) := C([0, t],H^ m ) n C x ([0, t],L m ) 

with the norm 

|M| X (t) := sup ((l + r)"( 1 -^)- 1 || U ;(r,-)||L m + (l + rr( 1 -^)||(V U ;(T,.),5 tU ;(r,-))||L m )- 

0<T<t V ' 

We first prove (fT9")l . We use two different strategies for s G [0, t/2] and s G [t/2, t] to control the integral 
term in ([75]). In particular, we use the (L 1 n L m ) - L m estimates if s G [Q,t/2] and we use 

the L rn - L m estimates pg ]) -(|29 ]) if s G [t/2,t]. Therefore we get 

\\Nu(t, -)\\ L m < Cil+t) 1 -^ 1 -^ IKuo.uOIUixim 

+ C f'\l + t - s) 1 -^ 1 -^ \\f(u(s, -))\\L^d S 



JO 

+ C [ (l + t-s)\\f(u(s,-))\\ Lm ds, (84) 

Jt/2 

| (d t Nu(t, -),VNu(t, -))\\ Lm < C(l + t)-^ 1 -^ ||(«o,«Olhj» 

r*/2 



C (1 + 1 - s)- n ^--> \\f(u(s, -ML^ds 
Jo 

cf \\f(u( s ,-))\\ Lm ds. (85) 

Jt/2 



By using ([2]) we can estimate |/(w)| < |w| p , so that 

l|/(«(*,-))IUinL™<K*,-)ll^ + ll«(^-)ll^p, 

and, analogously, 

\\fHs,-))\\ Lm <\\u{s,-)\\l mp . 
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Since p G [m, nj (n — m)] in Theorem [T] we can apply for q = p and g = mp and with k = 1. In 
this way we obtain 

||/(u( S , O)!!^- < Nl W 1 + ^^("(^V^-^W) = || U ||^ W (1 + s) -K»-i)+« (86) 
since 0i(p) < 6i(mp), whereas 

ll/Wsr))l|L™<|k||^ o(s) (l + S )- p (" (1 - 1/m) - 1+ei( ^ =\\u\\ p Xo{s) (l + s)-^- 1 ^ m . (87) 
Summarizing we find 

\\N U (t,-)\\ Lm < c(i+ty- n ^-^ \\( Uo , Ul )\\^ XLm 



(i 



+ C \\uf Xo(t) j\l +t-s)(l + s)-<* («- 1 )-/™) ds , 



j(t) 



||(a t JVu(t,0,VJVu(t,0)|| i » < C^ + t^ 1 "^ ||(uo,ui)||„i 

IP 



t/2 



(i 



c W u Wx n <* / (l + 5 )-( p ("- 1 '-"/™)d S . (89) 

t/2 



The key tool relies now in the estimate 

(1 + t-s) ps (1 + *), for any s G [0,t/2] and (1 + s) ps (1 + t) for any s G [t/2, i\. (90) 
Since p(n — 1) — n > 1 thanks to ([4]) it holds 

t/2 /.t/2 

(1 + i - sf-^ 1 -^ (1 + s)"^^- 1 )-")^ w (l + t)^-'^ 1 "^) / (i + s)-(fC"-i)-")dfl 



ps (l + i)^ 1 "^), 

/•t/2 

(1 + t- a)' (1 + ("-^-"/^dsw (l + t)-^*"- 1 )-"/™) / (i + a )<ds 

t/2 JO 

PS (1 + A-(p(n-l)-n/m)+l+l < (1 + ^-"(!-^) 



for / = 0, 1, and this concludes the proof of (|79[), 
Now we prove (|80|l . We remark that 

\\Nu-Nv\\x(t)= / Gi(t- s,x) * (x ) (f(u(s,x)) - f(v{s,x)))ds 
Jo 

Using again ([26]) if s G [0,t/2] and ((28]) if s G [t/2, t] we can estimate 

\\Gi(t,s,x) * (x) (f(u(s,x)) - /(u(s,x)))|| Lm 



X(t) 



< 



'(1 + f - ||/( U ( S) .)) - /(„(«, .))|Ui ni », * G [0, 4/2], 

~ ^l + t-aJH/K*. •))-/(«(*, -))IU». *G[t/2,f], 
whereas using if s G [0, t/2] and (J25J) if s G [t/2, t] we get 

IKat.VJGxCt.a.s) * (!B) (/(«(«, x)) - f(v(s,x)))\\ L m 

' (1 + t - s )-»(i-V-) || /(u(S) .)) _ f{v{Sy .))\\ LlnLm , s G [0, t/2], 

||/(«(0)-/M*.-))lk«M S G[t/2,t]. 



< 
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By using ([2]) and Holder's inequality we can now estimate 

\\f(u(s, ■)) - f(v(s, .))|Ui < \\u(s, ■) - v(s, -)\\ L » (\\u(s, OH^ 1 + \\v(a, -JH^ 1 ) , 

H/(«(«, •)) - /(«(*, 0)11^ < •) - v( s , oiUm, (||u(8, + IK*. Oll^i) ■ 

Analogously to the proof of (|79|l we apply Gagliardo-Nirenberg inequality to the terms 

\\u(s,-)-v(s,-)\\ Lq , \\u(s,-)\\ L «, \\v(s,-)\\ Lq 
with q = p and q = mp, and we conclude the proof of (|80[) . □ 

Proof of Theorem [2J We follow the proof of Theorem [TJ Having in mind Theorem [5] we fix now the 
space A — T>\ for the data, and the norm 

2 

sup (V(l + r)^^ || V fc M (r, + (1 + r)* |K(r, 011^) 
for the space 

X(t) = {u€C([0,i],fl' 2 )nC 1 ([0,<],i 2 )} . 

More precisely, if re = 2 then due to Theorem [6] the coefficient of ||w(r, is (log(e + t)) _1 . Since 
this term brings no additional difficulties we will ignore it. The proof is completely analogous if one 
replaces such a coefficient in the definition of ||w|jx(t)- 

We only prove (fT9")l . being the proof of (1501) analogous, as in the proof of Theorem [T] In order to 
estimate Nu we use only ^ for all s G [0,t], that is, 

\\Nu(t,-)\\ L 2<C(l+t)-^\\(u , Ul )\\ L i xL ,+C [ (l+t-s)-^\\f(u(s,-))\\ L i nL 2ds. (91) 



\ u \\X(t) 

0<T<t ' 



On the other hand, as in the proof of Theorem [T] we use ([3"g ]l -([3"9" l) -(|4"0 1) if s G [0,i/2] and ([2I ]) -([l2" ll -(|33" ]) 

if s G [t/2, t], for estimating the other terms, that is, we arrive for (j, \a\) G {(1, 0), (0, 1), (0, 2)} at 

\\did2Nu(t,-)\\ L * <C(l + t)- n+2U+ ^~ 1} ||(«o,tii)|| p M (92) 

+ C (1+t-s) ^\\f(u(s,-))\\ LW ds 

Jo 

+ C [ (l + t-s)- 1±1 ^ 1 \\f(u( S ,-))\\ L2 d s . (93) 

Jt/2 

Since 2 < p < re/ (re — 4) in Theorem [5] we can apply with m = 2 and k = 2. Computing 

„ , -> "/I 1\ ./x "/I 1 \ n ( 1 



we conclude 

\\f(u(s, -))\WnL* < ||«ll^ oW (l + = ||«||^ oW (l + s)- 3 ^^ (94) 



since 02 (p) < #2(2p), whereas 

||/(«(0)IU" < \\u\\ p Xo{s) (l + srr>(^Wp)) = M P x oM 0- + *r SSS= ** /1 - (95) 
Using again (|9T)]) we can now write 

||JVu(t,-)||i' <C(l+t)-^ ||(uo,«l)||£ix£» 

t/2 

+ C\\u\\ Xa{t) (l + t)-^ {l + s)- Pj ^ 1 d s 

+ c \\u\\ Xo(t) (i + 1)- 2 ^ 1 ^ jT (1 + 1 sy^ds, 
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n— 2+2j+2|g!| 

\\dfd£Nu(t,-)\\ L ,<C(l + t) i IIKMII^i 



t/2 



for (j, \a\) = (1,0) and j = 0, |a| = 1, 2. Due to ([7]) the term (1 + s) P< 2 ' is integrable. Moreover, 
(.? + M — l)/2 < 1, that is, we can also estimate 

p(n-l)-n/2 /" j + p(n-l)-n/2 , , j + n + 2(j + |a|-l) 

(l + t) 5 / (1 + i-s) 5 — ds«(l + t) 5 + 1 2 — <(l + t) 2 

using again (J7J). Nevertheless, a new difficulty arises to estimate the integral term J t / 2 --- m Nu 
since we used here the (L 1 n £ 2 ) — L 2 estimate, due to the lack of a suitable L 2 — L 2 estimate (see 
Remark [7|). If n < 6, then this difficulty is easily solved, since (1 + t — s) ~ is not integrable 
over [t/2,t], being (n — 2)/4 < 1, therefore 

p(»-h- b f . ,-^2j \{l+t)- F(n ~2 ) ~ n +1 -^ ifn<5, 

p(r.-l)-„ 



(l+t) 5 / (1+t-s) —ds 



t/2 {(l + t) s Iog(l + t) ifn = 6. 

In both cases the decay is controlled by (1 + t) ~ , due to Q. Now let n > 7, that is, (l+t — s) 

is integrable over [t/2,t]. We recall that we used (|83|). hence we already assumed p > 2. Therefore, we 

can estimate 

p(n—l)—n f n-2 p(n— l)—n 2(n— 1)— n n-2 

(1 + t) ^~ / (l + t- s)~ — ds < (1 + t)~ » < (1 + t)~"^ < (1 + 

Jt/2 

This concludes the proof. □ 

Proof of Theorem [3J We follow the proof of Theorem [TJ Having in mind Theorem [7] we fix now the 
space A = T>2 for the data, and the norm 

IMU(t) := sup ((1 + T)tt-°^\\u(T, -)\\ L * + (1 + t)^"^ || V «(r, -)IU= + (1 + r)\\u t (r, 011^) 

0<r<t v 7 

on the space 

x(t) = {ue C([0,t], J ff 1 )nC 1 ([0,t],i 2 )} . 

We only prove (|79|) . being the proof of ((80)) analogous as in the proof of Theorem [T] Using (|53l) - ([54l) 
in [0,t], and ||35J| if a G [0,i/2] and ([55]) if s g [i/2, t] , we get 

\\diNu(t, .)\\ L3 < c(i + ||( Uo , Ul )ll^ 

+ C [ (l + t-s)-^-^- j \\f(u(s,-))\\ L i nL 2ds 
Jo 

\\VNu(t,-)\\ L , < C(l + t)-^~^ \\(u , Ul )\\^ 2 

ft/2 

+ C (l + t- s)~^-^ \\f(u(s, yUinL'ds 

JQ 

+ C [ (l + t- s )-(4-)t^ ||/( u ( a> .))\\ L2 ds. (97) 

Jt/2 

As in the proof of Theorem [2] some difficulties arise to estimate the integral terms J { , 2 ... in Nu 

and dtNu since we used here the (L 1 n L 2 ) — L 2 estimate, due to the lack of a suitable L 2 — L 2 
estimate. In particular, this difficulty brings a loss in decay in the estimates for u t with respect to the 



(96) 
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linear estimate ([5^ 

Since 2 < p < n/(n — 2) in Theorem [3] we can apply ([55)1 with m = 2 and fc = 1. In this way we get 

\\f(u(s, -))\\ L ^ < \\u\\ p Xa(s) (l + s)-^^ 21 -^) = ||«|^ oW (l + fl )-(P(9-")-*>T^ 
since #i(p) < #i(2j>), whereas 

||/(«0v))IU' S ll«ll^( s) (l + S )- p((:i± ^ M ^ ) ^ ) - hll^ o(s) (l + 5 )- (p(f - ,T) - f) ^. 
Using again ((90)) we can, finally, estimate 

||a?>i t (t,OllL»<G(i + t)-(*-^^||(«o,«i)||^ 

*/2 



+ C| 


"IIW 1 


+ *) H 


+ C| 


u llx„(«)(l 


+ *)"« 


||VJv«(t,.)IU»<c?(i- 




/ 1 — er 


+ c\ 




+r ( 


+ c\ 


"II W 1 





'/2 

II(«0,«x)||di 

/■t/2 



t/2 

Due to (fP2j) the term (1 + s )~^^~ CT ^ _ ^' T ^ r is integrable. Moreover, (| — ct)y3^ < 1, that is, we can 
also estimate 

pt 

(l + t )-(p(9-')-f)rb / (l + t_«)-(*- ff )rbd 8 

Jt/2 

W (1 +t)-(P(f- ,7 )-t)T J ^ + 1 -^- CT )T^ < (1 

using again (fT2")l . On the other hand, since n £ [2,4] and a <G (0, 1/2) it holds 

,n \ 1 
< (- - a) < 1. 

Therefore we may estimate 

t 

{l + t- s )-(t- ct )t^ < (1 + t) 1 -^- a) ^ log(e + t), 

t/2 

(l + t-s)-^-"^- 1 < C. 

It/2 

We remark that the term log(e + 1) only appears in the above estimate if n = 4. Using again (fT2|) the 
proof of (|T3|) and (fT4|) immediately follows. This concludes the proof. □ 



Proof of Theorem 01 We follow the proof of Theorem [31 But now we propose some modifications to 
work with fractional derivatives of the solution of order la. In particular, we use a Gagliardo-Nirenbcrg 
type inequality basing on fractional Sobolcv spaces (|98[) . Let us consider the solution space 

X(t)=C 1 ([0,t},H 2 °)nC([0,t},L 2 ) 

with the norm 

\\u\\ X (t) ■= sup ((1 + t)^\\u(t, -)\\ L 2 + (1 + T )* UK V«)(r, -)\\ L 2 + (1 + t)t^ +1 || W (t, OHh^V 

More precisely, if n = 2 then due to Theorem [5] the coefficient of ||u(t, -)IIl 2 i s (l°g( e + r )) _1 - Since 
this term brings no additional difficulties we will ignore it. 
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Again we only prove ([75)1 . As in the proof of Theorems [2] and [3] we only use the (L 1 n L 2 ) — L 2 
estimate (JBTJ for Nu, whereas we use l|Bg )l -l|5g )l -<[70 |) if s G [0,t/2] and ((Z2J) - dZSJ) - dZU) if s £ [t/2,t] for 
estimating suitable derivatives of Nu. We get 

||iVn(t,-)IU 2 < CCl + t)" 1 ^ 2 IKuo.uOH^n^ 

+ C [ (1 +t - s)-^ \\f{u{s, OJIUint'da, 



||$tfu(i,-)||*. < C(l + t)-" +S ^" _1> ||(«o ) ui)|| 7 ^(i-.) +1 . 



*/a „ + » 0+ .-i) 



+ C/ (1 + t-s) c ||/(«(*,-))H^nL»d fl 

Jo 

+ c/ ||/(u(v))IU*k, 

Jt/2 

where either (j, k) = (1, 0), or j = and « = 1, 2cr. For m = 1,2 we will use the following fractional 
Gagliardo-Nirenberg type inequality: 

where k € (0, n/2) is a real number, and 

. . . n ( 1 1 \ nm 

k \Z q J n — Km 

In particular, these last inequalities for m = 1, 2 give an interval for admissible p g [2, n/(n — 2 k)] for 
the exponent p. We shall distinguish three cases. 

Firstly, let n > 4, or n = 3 and cr 6 (1/2,3/4). We set k = 2a. Indeed, in such a case, 2a < n/2, 
hence, the application of (|9"5)l gives 



\\f(u(s, < \H\ p Xo[s) (l + S )-H^+^W) = || u ||^ o(8) (l + a) 

since #2<t(p) < 02<r(2p), whereas 



~P (n-l) + n 



■J I J» 2 „(2p) , -2p („-!) + „ 



||/( M ( S , < ||«||^ o(fl) (l + s)- p = \\u\\ P Xo(s) (l + s) * 

Here we put H° = H = L 2 . Using again ((90)) we can now conclude 

\\Nu(t,-)\\ L 2 < C(l + t)-^r ||(«o I ui)|| iI nL» 

ft/ 

+ C||* (t)(l+*)-^ / (l + s)^^ds, 



l ' 2 -,(,-!) + 



+ C hIILm (1 + t)^^ f (1 + t s)-^ ds , 



\\d{Nu{t,-)\\ij K <C(l + t)-*||(u 0j ui)|| I ^(i-.H- 



t/2 



/■t/2 

+ C|HILm (l + t) " 2p( ^ 1?+ " /' Ids. 



t/2 



As usual, we use (|16[) to control all the rates of decay. In particular, since p(n — 1) > n + 2a, it follows 
that 

(1 + t) — / lds«(l + f) — 4^^+! < (i + t)--. 

■/t/2 
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As in the proof of Theorem [5] we have to pay attention to the term J t , 2 ... in Nu, since we used 
the (L 1 DL 2 ) — L 2 estimate due to the lack of a suitable L 2 — L 2 estimate (see Remark[7]). If n < 2 + 4a, 
then this difficulty is easily solved because (f + t — s)~^~ is not integrable over [t/2, t]. Therefore, 

p( V i )+ra [* „ tJ _ ,_r^2 J _ [(1 +t) ~ P( "^ 1,+ " + 1 -^ if n < 2 + 4cr, and (n,a) ^ (5,3/4), 

-p( 



(i+t) — 55 — / (i+t- s y — ds 



t/2 [(! + *) ~° log(l + t) if n = 5 and a = 3/4. 

In both cases the decay is controlled by (1 + £)~ts~, due to ([16)) . Now let n > 2 + 4er, this implies that 
(1 + t — s)~T3~" is integrable over [i/2, i] . We recall that we used ([55]) . hence, we already assumed p > 2. 
For this reason we can estimate 

— p(n — l) + n I n—1 — p(n — + 2(ti — ti — 2 

(1 + t) ^ / (1 + t-s)-— ds< {1 + t) »=^~<(l + t)~ a - <(l + t)~— . 

J t/2 

Now we come back to the other two cases. If n = 2, then it is sufficient to apply classical Gagliardo- 
Nircnbcrg inequality ([83]) for fc = 1. In this case we use in the right-hand side of ([79]) and (|80f the 
space Xo(t) = C([0,t], H 1 ) with the norm 

\\u\\ Xo (t) ■= sup ((l + T)^ 2 ||u(r,-)IU= + (l + T)^||Vu(r,-)||i2). 

Under this choice we obtain the range of admissible p £ [2, oo) and the rest of the proof is analogous. 
It remains to consider the case n = 3 and a £ [3/4, 1). For any p G [2,oo) there exists k g (1,3/2) 
such that p < 3/(3 — 2k). This allows to apply (|98[) for m = 2. In this case we use in the right-hand 
side of d29]) and ([80]) the space X (t) = C([0, t],H K ) with the norm 

IMk W := sup ((l + T^Wuirr^^ + il + T)^^ 11 ^^^). 

Indeed, it is clear that one can obtain an estimate for the H K norm of the solution in Theorem @] 
This concludes the proof. □ 

4. Application of test function method 

One may ask if the exponents given by ([4^-([71)- ([T2^) - ([TrI[) are really critical, that is, this condition is 
necessary for the global existence of small data solutions. The answer is positive in the case a G (0, 1/2], 
we interpret those models as parabolic-type models. The proof bases on the application of the test 
function method [Z]. 

On the other hand, in the case a G (1/2,1], we interpret those models as hyperbolic-type models, 
the application of the test function method only proves that there exists in general no global in 
time solution ifl < p < 1 + 2/ (n — 1), whereas the bound for the exponent given by ([7]) and (1161) 
isp> l + (l + 2cr)/(n- 1). 

Nevertheless, we remark that this effect also appears if one considers the heat equation ut — Ait = |iz| p 
(which is a parabolic equation) and the wave equation uu — An = \u\ p (which is a hyperbolic equation). 
Indeed, for the heat equation one has global existence of small data solutions for p > 1 + 2/n and 
there exists no global solution for a suitable choice of the data for 1 < p < 1 + 2/n, whereas for 
the wave equation there exists a gap between the exponent obtained with the test function method, 
i.e. 1 < p < 1 + 2/(n — 1) and the exponent for which one can prove global existence of small data 
solutions, that is, p > 7(n), where 7(n) is the positive root of the equation n(p — l)/2 = (p + I) /p. 
On the other hand, we recall that l + 2/(n— 1) is the lowest power for the global existence of small 
amplitude solutions to the wave equation with a nonlinear term f(du,d 2 u) (see [St]). 

Theorem 9. We consider the Cauchy problem 

' u u - Au + ^(-A) a u t = \u\ p , t>0, x G E n , 

u(0,x) = u (x), (99) 
u t (0,a;) = ui(x), 
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for a £ (0, 1]. Let us assume that the data Uo,Ui £ Cg°(R") satisfy 

(u^x) + /-i(-A) a u (x))dx > 0. (100) 

V 

fl + — V- i/ o- £ (0,1/21, , , 

1<P< < "o 101 

\i + ^t tf*e [1/2,1], 

f/ien i/iere exists no global, sufficiently regular, non-negative solution to (| 105[) . 

Remark 10. From the point of view of the test function method the essential part of (|105[) is given 
by A) CT M t — Am if a £ (0, 1/2] and by uu — Ait if a £ [1/2, 1]. The other term is not relevant to 
determine the exponent of nonexistence given by (|106[) . 

If a £ (0,1/2], then Theorem [HI shows that the exponents in Q and (|T2"j) are critical. On the other 
hand, if a £ (1/2, 1], we see a gap. li p > 1 + (1 + 2a) /(n — 1), then Theorems [2] and [3] give us existence 
of small data solution. If 1 < p < 1 + 2/(n — 1) we have no global existence in time. Since the test 
function method does not yield an optimal result for hyperbolic-like models one could try to apply 
other methods, for example, the functional method to close the gap. 

Proof. The key tool for applying test function method with pseudo-differential operators like (— A) CT 
is the following result in Prop. 2. 3 of jCCj or Prop. 3. 3 of [J]. It is also used in [FKj . This result gives 

(-A) a cj) e < 0- l {-A) a <j) (102) 

for all a £ (0, 1] and i > 1, for any sufficiently regular, non- negative, decaying at infinity function </> 
from the Schwartz space. 

In facts, if a = 1, then Theorem [5] can be proved more easily. Nevertheless, for the sake of brevity, 
we give a proof which works for both, for the pseudo-differential case a £ (0, 1) and the differential 
case a = 1 as well. 

We will use (|102|) for I = p' + 1 together with Young's inequality 

a p b v ' 

ab < ! , where p' is the conjugate of p. (103) 

p p' 

Let 77 £ Cg°([0, 00), [0, 1]), <f> £ Cg°(R", [0, 1]) be such that r)(t) = 1 for any t £ [0, 1/2] and rj(t) = for 
any t >1, <p(x) = 1 for any \x\ < 1/2 and 4>(x) = for any |x| > 1. We choose r\ and <j> such that 

,J ^7T + \v"(t)\<C for any te [1/2,1], and |V f ' + |A#e)| < C for any |x| £ [1/2, 1], 

w) nx) 

and 4>(x) is sufficiently regular so that (|102j) holds. Moreover, we assume that n(t) is a decreasing 
function and that <j) = <^(|x|) is a radial function with 0(|x|) < 0(|y|) for any x,y such that |x| > 
Let R be a large parameter in [0,oo). We define the test function 

ipn{t,x) := r] R (t)(f> R (x), 

where 

= U[Kx/R), if a e (0,1/2], = U{t/R 2 ^), if a e (0, 1/2], 

^^(x/iJ), if a e (1/2,1], \/7(t/i?), if a £ (1/2,1], 

being K > 1 another large parameter that we will fix later. 

First, let us consider the case <r S (0, 1/2]. Let p' be the dual of p and 

/ [ \u(t,x)\ P ij R (t,xr' +1 dxdt= f \u(t,x)\Ptp R (t,x) p ' +1 d(t,x), 
Jo Jr" Jq r 

where 

Q R := [0, i?^ 1 "-)] x B R / K , B R/K := {x 6 R" : |:r| < R/K}. 
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Here u = u(t, x) is the global solution to (|105|) . In particular, the function I R is defined for any R > 0. 
Since ip R (t,x) < ips{t,x) for any R < S, we can apply Beppo-Levi convergence theorem. For this 
reason there exists 



/:= lim I R = [ [ \u(t,x)\ p dxdt G [0, oo] 

Jo JR" 



We claim that / = if (fTTOj) holds. Indeed, if / = 0, then u{t,x) = for any (t,x) G [0,oo) x E n , 
therefore the proof follows from our claim. 

We multiply the equation in (|105[) by ip R +1 - Then, integrating by parts and by using the properties 
of Fourier transform, we get 

< Ir = -J + -h + J-2 + J3, where 

J = f ( Ul (x) + »(-A)°u (x))Mx) P ' +1 dx, 

ji= I u(t,x)M^r' +1 df(m(.tr' +i )d(t,x), 

Jqr 

J 2 = - f d t { m (t)P' +1 ) [ u(t,x)f,(-Ar(Mx) p ' +1 )dxdt, 
Jo JR n 

J 3 = - f u(t 1 x)r lR (t) p '+ 1 A^ p R +1 )d(t,x). 

Jqr 

In particular, to define J2 we used the ParsevaPs formula 

v(x){-A) a u{x)dx = { v{0\t\ 2a u{t)d£= { u(x){-A) a v(x)dx 



which holds for any u, v G H 2a . We remark that in J2 it appears the integral over [0,R] x M. n since 
(— A) CT is a non-local operator. To deal with it we will use f|102|) . We introduce the notations 

Q R ,t ■= [i? 2(1 ~ CT) A R 2[1 ~ a) ] x B R/K , Q Rx := [0, R 2 ^] x (B R/K \ B R/(2K) ), 
I R ,f-= f \u(t,x)\ P i> p R +1 (t,x)d(t,x), I RtX := f \u(t,x)\ p ^ R +1 (t,x)d(t,x). 

We can easily compute the measures of the sets Qr, Qn.t^ Qr.x obtaining for all of them 

\Qr\, \QrA \Qr, x \ « R 2 ^-°)+ n K- n . (104) 
We shall estimate J\ , J2 and J3 , respectively. Since 

\d?(v(t) p ' +1 )\ <v(t) p ' , 
by using Holder's inequality we can now estimate 

1. 1 

|Ji| < R -m-°) ( f \ u {t,x)\ p r?g\t)<j> R {p K +1 U{x,t)\ ( [ ld(t,x)) <R- 4{1 - a) ll t \Q R ,tF- 
yQR.t ) \JQR,t ) 

Indeed, pp' = {p') 2 /(j)' - 1) > p' + 1 so that rj(t) pp ' < rj(t) p ' + \ and p (p' + 1) > p' + 1, hence 4> P R % +1) < 

\h\<(R/K)- 2 Il x \Q Rx \^. 



b p R + x . Analogously, we can estimate 



Using (|104p we obtain 



— ,n \ 1 2(1 — ff) + n 

\Jl I < 1^ R *' 

-2+'- 



M<i v Rx R K-- 
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We remark that the estimate for Ji is better than the estimate for J3 since 4(1 — er) > 2. 
We now focus our attention to J2. By using (|102[) and (|103[) with 

a = \u(t,x)\ m (t) p ' +1 / 2 / R ~^, b = C(p' + l) R- 2 ^ 4>t fi\(-AyMx)l 
and after defining 

C : =^(C(p' + l)n) p ' 
P 

using u(t, x) > together with 

o<-d t ( m (t/ +1 ) <c VR (ty'+i , 

we can estimate 

J 2 = - [ R d t ( m (t)p' +1 ) [ u{t,x)v{-Ay^ R ( x y' +1 )dxdt 







< 



-ip' + i) d t ( m (ty' +1 ) / u{t,x)<t> R {x) p 'm(-a) '<j> R {x)dxdt 



<C(p' + l)R- 2 ^ [ \u(t,x)\ V i + Ht)Mxy'»K-&T<f>R(x)\d(t,x) 



iQn.t 

< - f \u(t,x)\*> VR (t)& +1 Wv4> R (x) iP '~^ )P d(t,x) 

P JQn.t 

+ c , R - p >2(i-„) f ^(x) \(-Ay<t> R (x)\ p ' d(t,x) 



< - f \u(t,x)\P m (tYr' +1 / 2 ^Mx) {P '~^ )P d(t,x) 

P JQn.t 

+ c i R -V-i)2(i-*) f cf> R (x)\(-Ay<t> R (x)\ P ' dx 



<- [ \u\ p ^ p R +1 (t,x)d(t,x)+C R -(p'-DHi-<r)( R /K)- 2 °p'+ n f ^x)\(~Ay^x)\ p ' dx 

P JQR.t JBt 

since p(p' + 1/2) > pp' > p' + 1 (as for J\), and 

1 , In 1 , 1 \ p 1 {p'f - 1 

Cp - ~)P = (p - - -r~~r = ; = P + 1- 
p" p" p' — 1 p' — 1 

It is clear that 

y |(-A) CT (/)(x)| p ' dec = J (j)(x)\(-Ay(j)(x)\ p ' dx 

is finite due to the regularity of </>. Therefore we obtain 

Ji < -Ir t + C'R- 2p ' +2{1 - a)+n K 2ap '~ n . 
P 

Being I R t < I R it follows that 

I R (l - l/p) < -J + C K Br 2+2{1 ~*' +n (iL + 4, x) + C'R- 2p ' +2(1 -^ +n K 2ap '- n . 
We distinguish two cases, recalling that p < 1 + 2/ (n — 2a) as in (|106[) is equivalent to 2p' > 2(1 — a) + n. 
Let us define Ck, p '■= Ck/(1 — l/p)- 

First let 2p' > 2(1 — a) + n. In such a case we set K = 1. By using the assumptions (|100[) for the data 
(uo,wi) it follows that there exists a large constant R > 1 such that 

Jo > c"/r 2p,+2 ( 1 - <T > +n 

for any R> R. Since Ir^, Ir j:c < I R and p > 1, it follows that 

, 1 l-i n 1 2(l-<Q+« 

J 1 "? = Um /„ p < 2Ci„ lim i?~ + ? = 0. 
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This concludes the proof. Now let 2p' = 2(1 — a) + n, that is, 

/r(1 ~ 1/p) < -Jo + C K (li t + 4x) + C K 2 ^'~ n . 

We may now compute 

2ap' -n= (2(1 - a) + n) a - n = (1 - a)(2a - n) < 

since we are in the case a £ (0, 1/2], and n > 2 if er = 1/2 (sec (jlOBp ). Therefore we can fix K > 1 
large enough to satisfy 



C , K 2*p'-n < 1 /" + ^ (_ A) ^ o(;E )) 



dx. 



After fixing the constant K and using the assumptions (|100[) for the data (uo, U\) it follows that there 
exists a large constant i? = R(K) > 1 such that 

Jo> r / (ui(cc) +M(-A) <T u (x))dx 



2 _ 

for any R > R. Summarizing we obtained 

^<ct.p(4t+4x) 

for any R > R. Since ii^a; < Ir and p > 1 we obtain that 

i-i 

therefore / < Cr-,p as well. Since we proved / < oo by the absolute continuity of the Lcbesgue integral 
it also follows that Irj,Ir, x ~ ► as R — s- oo. Then 

/b < Cjf, p (/| >t + 4,x) ->• as i? ^ oo too. 
Now let cr € (1/2, 1]. In this case the proof is simpler. Indeed, 

Q R := [0, R] x S R , St, := {x £ K" : |x| < i?}, 
and estimating Ji , J2 , J3 we get 

\Js\<ii x R- 2+s ^, 

J2 < e(p' + l)I R , t + c' t R- {l+2a)p ' +n+1 . 

Now we have the same estimate for J\ and J3, whereas the estimate for J2 is better, in particu- 
lar C^-(i+2«r)p'+n+i ^ as i? ^ 00 since p < 1 + 2/(n - 1) as in (fTU6]) is equivalent to 2p' > n + 1. 
The proof easily follows. □ 

Example 1. Let us consider the Cauchy problem 

'u tt - Au + 2 (-A)*u< = t > 0, x G R", 

u(0,x)=0, (105) 
u t (0, a;) = ui(x). 

Let us assume for the non- vanishing u\ £ C§°(R") the condition U\(x) > for any x G K™. If we 
suppose 

1<P< 1 + —^T , (106) 
n — 1 
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then there exists no global, sufficiently regular, solution to (|105[) . To apply Theorem |H] we have to 
show that under the above assumptions any (local or global) solution to p05p is non-negative. Indeed, 
following [NR] the solution to the linear problem 



is given by 
where we use 



v tt - Ai7 + 2(-A)2 Ut = 0, t>0, ieR", 
v(0,x) = 0, 
v t (0,x) = vi(x), 

t 



(107) 



Cn > 0. 



(M 2 +t 2 r 

By virtue of Duhamel's principle the solution to (| 105[> may be written as 

u(t, x) = tT- 1 (e-l^l*) * (x) mix) + f (t- s)^- 1 ( e -l£K*- s )) | u ( s , a;)|* ds. 

Jo 

Since U\{x) > and iJ r ~ 1 (e^^l*) > it follows that u(t,x) > 0. The application of Theorem [HI 
completes the explanation of our example. 



Appendix A. The Gagliardo-Nirenberg inequality for fractional Sobolev spaces 

To prove Theorem @] we used the following result (see, for instance, [Fj): 

Lemma 1. Let n > 1 and k G (0,n/2) be a real number. Let q G [2, 2n/(n — 2k)] and let u G H K . 
Then u G L q and 

\\u\\ Lq <C(n,K,q)\\u\\)- 2 e \\u\\% K , 

where 

(108) 



k \2 q / 

We remark that 8 G [0,1] and that (jl08p is equivalent to 

1-61 _ 1 

~^2~~~q 



2 n 



(109) 



Proof. If g = 2 the statement is trivial. Let 9 G (2, 2n/(n - 2k)]. We put p := 2/(q (1 - 6)). Then 
p G (1, 00] since 

(l-% = g -^ = ~ g(n -f ) + 2n € [0,2). 
2k zk 

Let = 2/(2 — q(l — 0)) G [l,oo) be its Sobolev conjugate. Let us define po := qOp'. Using (| 109[) it 
follows po = In I (n — 2k) G (2, 00). 

By virtue of Holder's inequality we are now in a position to estimate 

IMI£, = um| L1 < \\\u\^\\ LP \\\uf\\ L ,' = Nl#~ fl) h\\to- 

Let / = (— A)tw, that is, u = |£| K /. By using Riesz potential it follows that 

m 



u = I J = C K 



n \x-y\ 



dy, 



therefore ||u||z,po < ||/||l 2 = IMIij^i by virtue of Hardy-Littlewood-Sobolcv inequality. This concludes 
the proof. □ 
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